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ABSTRACT
We survey attempts to construct vortex models of the inertial-range and fine-scale
range of high Reynolds number turbulence. An emphasis is placed on models
capable of quantitative predictions or postdictions.
“I have no satisfaction in formulas unless I feel their numerical magnitude.” —Lord Kelvin
1. Introduction
In this review, we concentrate on the role that vortex dynamics has played
in the understanding of high Reynolds number turbulence. Batchelor (1953,
p. 81) remarked that “two mathematical contributions (possibly unattainable)
would greatly increase our ability to analyse the decay of turbulence. One is the
deduction of a general solution of the Navier-Stokes equation in closed form,
for an arbitrary initial spatial distribution of velocity : : :.”1 Experience with
Burgers’ equation
@u
@t
C u @u
@x
D  @
2u
@x2
; (1)
for which the Cole-Hopf closed form solution for arbitrary initial data exists,
suggests that reaching this goal would not be particularly helpful. On the other
hand, it can be argued that the intense study of vortex dynamics and vortex
1The other, the formulation of a single dynamical equation describing the time variation of the
complete probability distribution of the velocity field, is outside the scope of the present discussion.
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interactions in viscous and inviscid incompressible fluids that has taken place
in the last few decades has produced sufficient increase in our understanding and
store of approximate and/or model solutions of the Navier-Stokes equations in
their vorticity form that we can construct physical models of turbulent structure
and evolution to be compared with experimental and numerical simulation.
For the purposes of this article, a clear definition or understanding is necessary
of what is meant by turbulence and vortex dynamics. Here, we restrict our def-
inition of turbulence to the following: a three-dimensional random motion that
is unpredictable in detail, of an incompressible, uniform density, viscous fluid
that satisfies the incompressible Navier-Stokes equations and that is either the
decay of an initial velocity distribution or is driven by a deterministic or random
force field. Turbulence in the real world is almost invariably three dimensional
and can be studied by experiment; two-dimensional turbulence, excluded from
the present review, is a consequence of the construction of large computers.
Nevertheless it is an important research field and deserves its own review.
Because the flow is determined entirely by the distribution of vorticity, it is a
truism to say that the evolution of a turbulent velocity distribution is a problem
of vortex dynamics. We need, therefore, to be selective in the definition of
vortex dynamics. Examples of vortex dynamics not considered are Taylor’s
(1915, 1932, 1935, 1937) vorticity transfer theory for calculation of velocity
profiles in shear flow turbulence and the Taylor-Green problem (Taylor & Green
1937) that demonstrates the growth of vorticity by the stretching of vortex lines,
which is the basic mechanism of energy dissipation. Kolmogorov flows (see
Meshalkin & Sinai 1961, Arnold 1991) are equilibrium distributions of vorticity
maintained against dissipation by an external force and are not discussed here,
such as the morphological approach to vortex mechanics (e.g. Melander &
Hussain 1994), on the grounds that though they are of potential importance,
such studies have not yet made hard contact with turbulence data.
To avoid confusion over the definition of a vortex, which appears to be a
matter of controversy (Jeong & Hussain 1995), we follow Saffman & Baker
(1979) (see also Saffman 1992), and we define a vortex to be a compact region
of vorticity, possibly unbounded in one direction, surrounded by irrotational
fluid. Strictly speaking, the viscosity has to vanish for this definition to make
sense, but we suppose that the viscosity is very small and allow transcendentally
small vorticity outside the vortex. Vortex dynamics then refers to the motion of
such vortices under the influence of other vortices and/or their own self-induced
velocity and possible external irrotational strain. Classic examples of vortices
are vortex filaments, when the vorticity is confined to the interior of a tube of
small cross section, and vortex blobs such as Hill’s spherical vortex.
The question to be addressed is the understanding of turbulence that is gained
from the study of vortex dynamics. “Understanding” is a subjective term, and it
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is better to think in terms of quantitative prediction. Thus our test of relevance
to the study of turbulence is heavily influenced by the ability of a particular
model or calculation to make direct contact with data either from experiment or
from direct numerical simulation in some definite numerical form, a philosophy
that is expressed succinctly in the quotation above from Kelvin, which we have
borrowed from Jeffreys & Jeffreys (1950). In this view, a successful or partially
successful calculation will typically begin from a preferably derived, but more
usually prescribed, model vorticity distribution and, after invoking vorticity
dynamics and kinematics (which includes statistical kinematics), will proceed
to a definite prediction/postdiction of some measurable quantity. The number of
quantities calculated should be greater than the number of quantities prescribed
in the model vorticity distribution. This filter will exclude many interesting
studies of the dynamics of vortices that may contribute to “understanding”
turbulence but that have yet to be developed to the point of explicit calculation
of turbulence properties: for example, the studies of nonaxisymmetric Burgers’
vortices by Robinson & Saffman (1984), Buntine & Pullin (1989), and Moffatt
et al (1994). Vortex-based numerical simulations have made significant recent
progress toward the calculation of complex flows that may be partially or wholly
turbulent. This topic has been extensively reviewed (Chorin 1980, Leonard
1980, 1985, Aref 1983, Meiburg 1995) and we do not revisit this work except
to discuss several filament-based simulations of inertial-range turbulence.
The general theme of vortex dynamics in turbulence may be expressed in
the hypothesis that certain ranges of the broad spectrum of turbulence scales
can be described as comprising ensembles of more or less coherent laminar
vortex structures that either evolve internally or interact dynamically. We are
often interested in the limit of infinite Reynolds number, where in the absence
of boundaries, the inviscid Euler equations are assumed to properly describe
the flow dynamics. We consider in Section 2 some heuristic models, followed
in Section 3 by discussion of what can be learned from a study of two exact
solutions of vortex dynamics, one for the Euler equations and the other for
the Navier-Stokes equations. In Section 4, we describe some kinematic vortex
models that contain no vortex dynamics but that make some interesting predic-
tions. Numerical computation of filament models is considered in Section 5,
followed in Section 6 by an account of the stretched-spiral vortex and its ap-
plication to calculation of several fine-scale turbulent properties. Analysis of
possible singularity formation in Euler vortex dynamics is described briefly in
Section 7.
2. Rough Models
The discovery by Batchelor & Townsend (1949) and prediction by Landau (see
Landau & Lifshitz 1959, p. 126) of intermittency in high Reynolds number
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turbulent flow has led to extensive research into the existence of “organized
eddy structures” or “coherent structures” (e.g. see Townsend 1987). One
important issue is the shape or geometry of the coherent eddies, of which the
two principal candidates are tubes or sheets of vorticity. The work of Kuo
& Corrsin (1972) presented convincing evidence that the fine-scale structure
was more likely to consist of tubes than other possibilities. This has tended
to be confirmed by subsequent work, especially the recent direct numerical
simulation calculations of the last five years. In addition to the fine-scale tubular
structures, the experiment of Brown & Roshko (1974) demonstrated existence
of large-scale tube-like structures in the turbulent mixing layer. Ideas of this
kind suggested simple and heuristic physical models of both the fine-scale and
the large-scale character of the flow. For example, Tennekes (1968) modeled
turbulence as vortex tubes of diameter  (the Kolmogorov length) stretched by
eddies of scale  (the Taylor microscale), extending an idea of Corrsin (1962)
in which the fine-scale structure was modeled by vortex sheets. The third-order
skewness, S, and kurtosis or fourth-order flatness factor, K, of .@u=@x/-type
signals were calculated. The skewness was found to be independent of R, the
Reynolds number based on the Taylor microscale, and K was proportional to R.
Saffman (1970) developed a heuristic vortex sheet model and made predic-
tions about the way in which flatness and skewness factors of arbitrary order
depended upon the Reynolds number. Estimates of structure functions were
also made. The results for the third- and fourth-order factors agree with those
of Tennekes. However, agreement with experiments is not particularly good
(Frenkiel & Klebanoff 1971), and the consensus is that this type of rough
model is too simple for the fine-scale structure and does not contain sufficient
dynamics.
3. Exact Solutions
In a pioneering paper, Synge & Lin (1943) examined the consequences of as-
suming that isotropic turbulence could be modeled as a random superposition of
Hill’s spherical vortices. Hill’s spherical vortex (see e.g. Saffman 1992, section
2.1) is a sphere containing vorticity in which the vortex lines are circles about
the direction of propagation and the magnitude of the vorticity is proportional
to the radius of the circle. In cylindrical polar coordinates .s; ; z/; ! D A s,
for s2 C z2  a2. Here, a is the radius of the sphere, and A is related to the
propagation speed U of the vortex byA D 15U=2a2. Synge & Lin first fix two
points in laboratory axes, say A; B separated by a distance r , and then calcu-
late the contribution to the two-point one-time longitudinal velocity correlation
function u2 f .r/, where u is the root-mean-square (rms) velocity component,
produced by the velocity field of Hill’s spherical vortex with given position and
orientation relative to A; B. The calculation is based on a one-vortex probability
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density function of vortex position and orientation relative to the fixed points.
There is therefore no dynamical or statistical correlation between vortices in
different locations. An ensemble average is then performed by integrating over
all possible vortex positions, assumed to be distributed uniformly over all space,
and all orientations of the vortex axes, assumed to be uniformly distributed on
the unit sphere. This gives statistical isotropy. Synge & Lin calculated f .r/
over its entire range, finding in particular that
f .r/  7
80
µ
2a
r
¶3
as r !1: (2)
Equation 2 appears not to have been recognized to be inconsistent with the
dynamical theorem on the existence of the Loitsiansky invariant, which says
that
u2
Z 1
0
r4 f .r/ dr D constant: (3)
The physical model implies that the Loitsiansky invariant does not exist. This
constitutes a success of physical modeling, as subsequent work by Saffman
(1967) showed the result to be essentially correct; the Loitsiansky invariant
does not exist.
Hill’s spherical vortex is inviscid and steady. It is perhaps best viewed
as a viable structure for the modeling of the large energy-containing eddies
because, owing to the absence of small-scale internal structure or of a continuous
dissipation mechanism, its use in calculating turbulence properties of the inertial
and dissipation ranges is limited.
A simple exact solution of the Navier-Stokes equations is given by the steady
axisymmetric Burgers’ (1948) vortex
!0.s/ D a004 exp
µ
− s
2a
4
¶
; (4)
where s is the radial distance to the vortex center, which describes a steady
axisymmetric distribution of vorticity !.s/ embedded in an axially symmetric
and uniform strain field whose principal extensional rate of strain a is aligned
with the vorticity. The total circulation is 00 (see also Saffman 1992, section
13.3). Equation 4 and a similar solution for a stretched shear layer represent
a dynamical balance between radial viscous diffusion of vorticity and vortex
stretching by the imposed strain. These are attractive candidates for modeling
the fine scales of turbulence because they encapsulate the stretching of vortex
lines by the local strain and the dissipation of enstrophy by viscosity. Argu-
ments for these mechanisms based on the von Ka´rman´-Howarth (von Ka´rman´
& Howarth 1938) equation at zero separation indicate that they are operative
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in either decaying or forced turbulence at large Reynolds numbers. Tube-like
structures have been reported in many numerical simulations, for example by
Kerr (1985, 1990), Ashurst et al (1978), Vincent & Meneguzzi (1991), Jime´nez
et al (1993), and Porter et al (1994). In these papers the term “tube” appears to
mean a locally compact nearly axisymmetric distribution of vorticity. The most
recognizable tubes seem to constitute the regions of the most intense vorticity
(Jime´nez et al 1993), but it is not known presently what proportion of the total
vorticity lies either within tube-like structures or within the dominant velocity
field of identifiable tubes.
As is clear from Section 2, the use of tubes and sheets predates much of
this debate. Townsend (1951) used random ensembles of axisymmetric and
plane Burgers’ vortices to calculate velocity spectra in the dissipation range for
isotropic turbulence. His paper is difficult to follow because he tries to calculate
the one-dimensional spectrum directly from the ensemble, but it appears to be
the first attempt to obtain a quantitative result at large wavenumbers from an
assumed vorticity structure. For the axisymmetric Burgers’ vortex, the single-
vortex shell-summed energy spectrum is
E0.k/ D N20
2
0
4k
exp
µ
−2k
2
a
¶
; (5)
where k is the modulus of the wavenumber and N and 2 are model parameters
to be defined subsequently. In contrast, the spectrum of the plane Burgers’
layer is proportional to k−2 exp.−2k2=a/ times a weakly varying function of
k (see Pullin & Saffman 1994, appendix A). Thus the Kolmogorov exponent
−5=3 lies between the sheet-like and tube-like values, which suggests imme-
diately that vorticity distributions that have both a sheet-like and a tube-like
character might have interesting predictive properties in the inertial and dissi-
pation ranges. We remark that the Townsend-Burgers’ vortex dissipation range
shows a Gaussian rolloff rather than the exponential one seen in both direct nu-
merical simulation and experiment (Kraichnan 1959, Kida & Murakami 1987,
Kerr 1990, Saddoughi & Veeravilli 1994). Further, volume-filling ensembles of
Townsend-Burgers’ vortices give poor results for the higher order moments of
the longitudinal velocity derivatives for isotropic turbulence (Saffman & Pullin
1996).
4. Kinematic Models
There have been attempts to construct vortex-based kinematic models based
on a more extended vorticity structure than those of the models described so
far. No vortex-dynamical equations are used, but some contact with turbulence
measurements is made. Chorin (1986, 1988, 1992) has developed a vortex-
lattice model of the inertial-range scales. There are several versions of the
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model, and here we describe that given by Chorin (1986). See Chorin (1988,
1992) for further developments.
The vortex structure is represented by lines composed of contiguous ele-
ments, each positioned on the orthogonal generators of a three-dimensional
rectangular lattice. There may be several such “vortices” on the lattice, each
with constant circulation, and these are not allowed to intersect. An energy
functional is defined that models in a discrete way the energy of a continuous
vorticity distribution:
T D 1
8
Z
dx
Z
!  !
jx− x0j dx
0; (6)
where !.x/ is the vorticity. In this sense the model has kinematic content. The
equations of motion are not used explicitly, but instead rules are formulated that
mimic the plausible interaction between vortex elements. Thus, at any time
instant, an element, as part of a particular vortex, is stretched by deforming
its shape from the straight line joining lattice nodes to a U-shape that contains
one edge parallel to and two edges normal to the original element. The vortex
element thus increases its length and vorticity by a factor of 3 while reducing its
radius by 3−1=2. This represents vorticity stretching on the lattice. Deformations
are not allowed to produce intersections, and the deformation rules are governed
by constraints on the variation of the energy functional conditioned by entropy
considerations so as to produce statistical equilibrium.
Vortex folding is observed in numerical simulations. The energy spectrum
is obtained by first estimating the Hausdorf dimension (which has yet to be
measured from experiment or from direct numerical simulation) of the lattice
vortex structure, followed by the use of scaling and dimensional arguments. An
exponent  D 1C 17=24 is found in the power-law form of the shell-summed
inertial-range energy spectrum. The model seems to be predicated on the idea
that fine details of the dynamical interactions between vortices and internal to
the vortex structures are of less importance than is a fair representatation of the
main qualitative physical effects of stretching on the increase in energy of the
individual elements, which represents the cascade. In this sense, the model
may be interpreted as a “statistical cartoon” of the inertial range. There are
few equations and much use of scaling arguments, which is consistent with
the explicit philosophy of a halfway house between the phenomenology- and
dynamics-based models.
A simple kinematic model of turbulence is provided by the fields induced by
a distribution of large numbers of discrete vortex elements. Min et al (1996)
discuss the probability density functions for the velocity and for the velocity
difference for singular and blob-like vortex elements in two and three dimen-
sions. In the latter case, they argue for a juj−5=2 decay in the tail of the
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probability density distribution of the two-point velocity difference juj, when
the separation between the two points is large.
The models discussed previously consider isotropic turbulence. A vortex-
based description of energy containing scales in a real turbulent flow should
introduce inhomogeneity and account for the boundary conditions that create
the vorticity. Townsend’s (1976) “attached eddy” hypothesis for the turbulent
boundary layer has been developed in a quantitative way by Perry & Chong
(1982) and Perry & Marusˇic´ (1995). They suppose that the vortex structure of
the log region of a turbulent boundary layer is composed of slender vortex rods
with a 3-like shape. A two-parameter model of the turbulent mean velocity
profile (Coles 1956) is assumed and used in the mean momentum equation to
infer the distribution of turbulent shear stress −u1u3 produced by products of
velocity fluctuations u1 in the streamwise direction and u3 normal to the wall. It
is further assumed that the turbulent boundary layer comprises distributions of
3-like eddies with given probability-density functions (pdfs) of density per unit
volume and scale in relation to the boundary-layer thickness. For a given eddy
shape, the mean velocity profile and the ui u j profiles are calculated analytically
from the vortex kinematics of the rods, and parameters in the pdfs are fixed by
fitting the u1u3 results to those obtained from the mean momentum equation.
The model is tested by comparing the profiles of the remaining components of
ui u j to the experiments of Ska˚re & Krogstad (1994) with fair results. The model
also produces predictions, which include various one-dimensional spectra of
the ui u j , in excess of parameters. The significance of the work lies in the
attempt to construct a quantitative vortex morphology of a classical turbulent
flow, namely the highly nonhomogeneous, constant pressure-gradient turbulent
boundary layer.
5. Vortex Filaments
The possibility that the dynamics of vortex filaments could help to understand
the large-scale properties of inhomogeneous turbulent flows was examined by
Robinson & Saffman (1982). They examined the stability of three classical
steady vortex configurations of filaments to three-dimensional disturbances in
an incompressible inviscid fluid in the limit of small vortex cross-sectional area
and long axial disturbance wavelength. The motion of the filaments is then
given by the Moore & Saffman (1972) cutoff approximation to the Biot-Savart
law. The configurations examined are the single infinite vortex row, the Ka´rma´n
vortex street of staggered vortices, and the symmetric vortex street. These model
the mixing layer, the wake, and the boundary layer, respectively. The single
row was found to be most unstable to a two-dimensional disturbance, whereas
the Ka´rma´n vortex street is most unstable to a three-dimensional disturbance
over a significant range of street-spacing ratios. The symmetric vortex street is
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found to be most unstable to three-dimensional or two-dimensional symmetric
disturbances, depending on the spacing ratio of the street. The results indicate
that the mixing layer model is most unstable to a two-dimensional pairing
mode, and this is the type of structure most likely to be seen. The symmetric
double-layer results suggest that the coherent structures in a boundary layer will
be strongly three-dimensional, which is in rough agreement with observation,
whereas for the wake, the tendency to be two- or three-dimensional depends
on the spacing ratio. Quantitative predictions can be made for the spreading
angle of a turbulent mixing layer based on the two-dimensional dynamics of a
single-vortex array of finite cross section, and they are in reasonable agreement
with experiments (Moore & Saffman 1975).
In the single-vortex ensembles discussed in Section 3, no self-consistent dy-
namical interaction is present between individual structures—Hill’s spherical
vortices or Burgers’ vortices—and so no global dynamics are present. The vor-
ticity in the structures is simplified to an extent that allows analysis of internal
but strictly local vorticity dynamics, with a correspondingly local domain of
validity. The kinematic models of Section 4 contain no vortex dynamics. Nu-
merical computation of vortex interactions offers an alternative approach, and
although a detailed account of numerical vortex methods lies outside the scope
of this review, attempts to simulate inertial-range turbulence by the computed
interaction of finite–core-sized slender vortex filaments should be highlighted.
These have often focused on initial-value calculations of several interacting
vortex rings. The shell-summed spectrum of a single ring of circulation 0,
radius R, and zero core size is given by
˜E.k/ D 0
2 R2
2
Z 1
−1
J 21 .kR
p
1− 2/ d; (7)
where ˜E.k/ is defined such that
R1
0
˜E.k/ dk gives the energy per unit mass
integrated over all space (Leonard 1985). When kR  1, ˜E is asymptotic
to the tube-like spectrum E.k/  02R=.2k/. The energy integral is therefore
infinite, which is consistent with zero core radius. Leonard (1985) also describes
calculations of five interacting vortex filaments, each of finite core radius. The
filament center lines were initially of elliptical shape and positioned and oriented
randomly in space. The evolution of the filaments was calculated by a vortex-
numerical method, and the spectrum after some time was compared to the
experimental spectra for low Reynolds number grid turbulence of Comte-Bellot
& Corrsin (1971) at the same ratio, equal to 5, of the integral scale to the
Taylor microscale. The agreement is good. Follow-up calculations using a
similar method and various initial geometries of vortex rings were done by
Kiya & Ishii (1991). Their evolving spectra show a k−5=3 spectrum at one late
time during the computation. Because this occurs over a range kR  R= ,
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where  is the constant vortex core radius, one can infer that it arises from
dynamical/numerical interaction of the rings. At this time, close approach of
nearby portions of the rings is accompanied by entanglement and oscillation
of the filaments. The accuracy of this type of calculation is uncertain under
these circumstances. To date, no estimates of fine-scale properties have been
reported using dynamical filament models.
6. The Lundgren Stretched-Spiral Vortex
We now return to a discussion of single-vortex models. This account of the
stretched-spiral vortex model proposed by Lundgren (1982) complements and
extends an earlier review by Pullin & Saffman (1995). Approximate solu-
tions to the unsteady Navier-Stokes equations corresponding to strictly two-
dimensional spiral vortices have been known since the 1930s and have found
application to the structure of the starting vortex (see Saffman 1992, chap-
ter 8) and the laminar trailing vortex (Moore & Saffman 1973). Lundgren
(1982) adapted this structure to model the fine scales of turbulence, replacing
the steady Burgers’ vortices in the Townsend ensemble described in Section 2
by unsteady stretched-spiral vortices. The dual properties of axial straining
combined with a nonaxisymmetric vorticity structure give the model a rich
predictive capability.
In polar coordinates .s; / in the vortex cross section, Lundgren’s asymptotic
solution of the vorticity equation may be expressed as
!.s; ; t/ D eat !ˆ.; ;  /I (8)
!ˆ.; ;  / D
1X
−1
!ˆn.;  / exp.in/I (9)
!ˆn.;  / D fn./ exp[−in./ − n232./ 3=3]; n 6D 0I (10)
!ˆ0.;  / D g.;  /C f0.;  /I (11)
.s; t/ D seat=2;  .t/ D .eat − 1/=a; (12)
where
1

d
d
[2./] D g./C f0./; and (13)
3 D d 
d
: (14)
In Equations 8–14, .;  / are stretched space and time variables, respectively,
corresponding to a strictly two-dimensional evolution (i.e. no vortex stretch-
ing), exp.at/ f0./ is the  -averaged vorticity for the vortex, and exp.at/g./
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specifies some axisymmetric background vorticity field. The quantity  is the
 -averaged angular velocity of a fluid particle for the two-dimensional mo-
tion. Equation 10 is the leading term of an asymptotic expansion in powers of
−1. An arbitrary set of amplitudes fn./ correspond to an infinite number of
conserved moments of the vorticity field for inviscid two-dimensional motion.
There is singular behavior at  D 0. The inviscid asymptote of Equation 10
has the property that the phase of each Fourier component is constant along
a common curve  D ./ , which is of spiral form if ./ is a monotone
decreasing function of . This gives the spiral property.
The presence of axisymmetric strain that exponentially stretches vortex lines
is a crucial model ingredient. The concomitant radial compression of the vor-
tex decreases the distance between turns of the curve  D ./ at a rate
proportional to t−3=2, compared to −1 for the equivalent unstretched vortex,
thus introducing inverse one-third powers into the model. Viscosity limits the
exponential stretching and smooths the radial oscillations in vorticity. The
spiral structure then decays on a time scale determined by the intersection of
the collapsing outer boundary of the vortex with an expanding viscous subcore
region so that the vortex tends toward axisymmetry. If the total circulation is
nonzero, the long-time asymptotic state is the Burgers’ vortex, a result that has
been all but ignored in the literature discussion of “vortex tubes.”
Lundgren calculates the energy spectrum of the stretched-spiral vortex. Be-
cause the spiral is unsteady, an ansatz is required that distinguishes the instanta-
neous spectrum from that of an ensemble. Following Townsend (1951), this is
constructed by first supposing that a box of side L is populated at some absolute
time ta by a collection of, say, M vortices. The structures all undergo an iden-
tical evolution, each with a shifted time origin set at their individual instants
of creation, when their initial length is l0. At ta , each one has an internal state
corresponding to a different time instant, relative to creation, in the common
evolution process. Structures are created at a rate Nc per unit time by a process
outside the model, such as the instability of larger structures or the rollup of
sheets into tubes. The global vorticity distribution at ta is then the sum
PM
mD1 of
the individual vorticities. This comprises the turbulence. Vortex reconnection
and/or regions near the ends of the structure axes, where vortex lines that remain
parallel within individual vortices may diverge and become part of a weak back-
ground field, are ignored. A statistical equilibrium exists whereby vortices are
created, stretched by the strain provided by larger scales, and then destroyed.
The finite spiral lifetime conditioned by the internal dynamics was discussed
above. Where the n D 0 component of the vorticity survives the spiral, then
in order to maintain equilibrium with a constant number of structures populat-
ing the box, it must be supposed that this axisymmetric fossil is destroyed by
processes external to the model such as vortex breakdown or instability. This
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scenario seems natural from a physical standpoint, describing a dual tube-sheet
vorticity distribution if the spiral is of the rolled-up shear layer form. Lundgren
introduces an ergodic hypothesis of the form
MX
mD1
[: : :] D Nc
Z t2
t1
[: : :] dt; (15)
where [: : :] is any property of the spiral velocity or vorticity, t1 is the instant of
creation, and t2 is that of destruction of the structure. This says that the ensemble
average equals the time average of an individual structure over its lifetime. The
assumption that the vortices are identical in evolution can be relaxed.
Applying the result E.k/ D E!!.k/=2k2 following calculation of the vortic-
ity spectrum E!!.k/, Lundgren calculates the shell-summed energy (velocity)
spectrum of the ensemble as
E.k/ D E0.k/C 43 Na
1=3 k−5=3 exp
•
−2 k
2
3a
‚

1X
nD1
n−4=3
Z 1
0
j fn./j2d
j3./j4=3 ; (16)
where N D Ncl0=L3, E0.k/ is the spectral component of the n D 0 term in
Equation 10, and the second term on the right side comes from the nonaxisym-
metry. If the second term dominates E0 at small wavenumbers then Equation 16
has a k−5=3 inertial range when k.=a/1=2  1. The path from Equation 10 to
Equation 16 requires several clever asymptotic approximations whose subtlety
has stimulated interpretive papers (e.g. Gilbert 1993). An essential part of the
analytic argument involves the phase relationship  D ./ discussed earlier.
This, together with the vortex stretching, is the key to the appearance of k1=3
powers that arise in the time integral Equation 15. Equation 16 requires both
vortex kinematics and dynamics and cannot be obtained by dimensional analy-
sis of Equations 8–14. It appears to be the only known repeatable result making
a definite analytical connection between a k−5=3-type spectrum and an approx-
imate solution of the Navier-Stokes equations, and for this reason it is given
prominence in this review. In the spirit of Synge & Lin (1943), the model is of
the single-vortex type with the consequence that the range of spectral validity
is bounded below by wavenumbers of order 2=R, where R is the maximum
lateral extent of the structure. The single-vortex approximation also implies
that isotropy is not required; this is because the vorticities at two points inside
a structure are always parallel. The distribution of vortex-axis orientations in
the box is arbitrary (Saffman & Pullin 1994).
The stretched-spiral vortex seems to offer some hope of constructing a robust
and comprehensive model of the fine scales of turbulence. For viability, such
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a model should be capable of postdicting a range of fine-scale properties other
than the energy spectrum. Lundgren (1985) applies the model to the concen-
tration spectrum of a passive and of a chemically active scalar. First, local
solutions of the appropriate reaction-diffusion equations are obtained describ-
ing the evolution of a blob of the scalar as it is advected and diffused by the
spiral velocity field. Attention is focused on the viscous-convective range at
large Schmidt numbers, where a k−1 spectrum2 is found to be in agreement with
a result based on scaling arguments from Batchelor (1959). The spectrum of a
fast chemical reactant was found to have a substantial bump near the Batchelor
wavenumber, past which the spectral decay is exponential. The spectrum in the
inertial-diffusive range for the model remains an important open question.
Pullin & Saffman (1993) have attempted to construct a standard model based
on a specific realization of the spiral. They choose specific power-law forms
fn./ D f ./ for all n and g./ motivated by shear-layer rollup in the pres-
ence of smooth background vorticity with zero total circulation. It is helpful to
think of f ./ and g./ as functions analogous to the specification of a mean
velocity profile in boundary-layer calculations. The n D 0 vorticity component
is calculated from Navier-Stokes dynamics. Each vortex is assumed to have
the same initial radius R and circulation scale 00, which may be interpreted as
averages, over unknown statistics, of distributions of these quantities. Dimen-
sionless parameters are defined including a production rate N R2=a, a vortex
Reynolds number 00=, the ratio a R2=4 of R2 to the square of the Burgers’
radius, and a parameter a2=¯, where ¯ (the mean dissipation) is calculated
from the model. Equations for these together with the Kolmogorov prefactor
K0 and the skewness S3 are obtained. The equations are not closed and require
free parameters, chosen as 00= and N R2=a, to be fixed. Using 00= D 100
and N R2=a D 0:6, Pullin & Saffman (1993) solved for a2=¯, K0, and S3 and
found values of K0 and S3 in the experimental range. In order to relate model
parameters to the Taylor microscale R, Pullin & Saffman proposed a closure
assumption R2 D .4=a/1=2, where  is the Taylor microscale.
A reformulation of the model (Pullin et al 1994) was motivated by numerical
evaluation of the spectral integrals, which showed that that the choice 00= D
100 did not produce a substantial inertial range. The reformulation introduces
an additional constraint, namely that the vortex structures be approximately
space filling, as well as an assumption that there exists a finite upper cutoff 2
that limits the growth of the core; this is chosen as the lifetime of the spiral,
which can be estimated from Equation 10. The only justification given for this
is that it produces a −5=3 inertial range that is not buried by a dominant core.
Scaling arguments are used to relate the Taylor Reynolds number to the model
2We note here an objection to the k−1 spectrum discussed by Dimotakis & Miller (1990).
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parameters. This gives a closure that relates the model parameters, with the
exception of 00=, to R. A consequence is that R D O./; L2 D O./, with
weak Reynolds number dependence, where L2 is the final stretched length of the
vortex. With fixed vortex radius, the model is thus limited to scales of order  or
smaller and so can describe only the upper inertial and dissipation ranges. There
has been much past speculation on a possible interpretation of . Experimental
measurements of zero crossings of the turbulent velocity field indicate scaling
with  (Kailasnath & Sreenivassan 1993). This is consistent with the idea of
the probe crossing the boundary region of adjacent vortex structures.
Use of this model should in principle allow the calculation of any fine-scale
property of stationary turbulence. Pullin & Saffman (1993) and Pullin et al
(1994) needed to introduce statistical isotropy to compute the higher moments
of the one-point velocity derivatives. Owing to divergences that result from the
singular behavior of Equation 10 when t ! 0, the introduction of an early time
cutoff in the time integration Equation 15 was required for moments higher
than the third. Quantitative numerical predictions about the dependence of the
one-point velocity derivative and vorticity moments on R and the order of the
moment were in fair agreement with the experimental compilation of Van Atta
& Antonia (1980) and with the direct numerical simulation results of Vincent &
Meneguzzi (1991, 1994). Numerical evaluation of the time evolution of E.k; t/
reveals a k−1 or tube-like range at low k and a k−2 or sheet-like range at larger
k, with the extent of the former increasing with t . This confirms the sheet/tube
model property discussed earlier. When numerically integrated over the spiral
lifetime, the−5=3 exponent emerges from the shifting relative weights of these
ranges, a result also noted by Gilbert (1993). A dissipation spectrum between
an exp.−B1k2/ and an exp.−B1k/ is found that suggests that the Gaussian dissi-
pation rolloff in Equation 16 may be more a result of inaccuracies in the asymp-
totics than a property of the model. These results are in broad agreement with
numerical calculations using the Navier-Stokes equations by Lundgren (1993).
The shell-summed spectrum of!2 was estimated by Pullin & Saffman (1994,
1995) and found to be in fair agreement with results from the direct numerical
simulation of Jime´nez et al (1993) at a moderate Reynolds number. Their
analysis was generalized to higher-order powers of the vorticity by Segel (1995),
for the special case when only a finite set of the fns in Equations 8–10 are
nonzero. The shell-summed pressure spectrum E p.k/ was calculated by Pullin
(1995), giving a leading-order nonaxisymmetric component proportional to
k−7=3 that is in agreement with arguments based on Kolmogorov scaling that
suggest an inertial-range form E p.k/ D Kp ¯4=3k−5=3, where Kp is a prefactor
that may be universal. Use of the standard model gives numerical values ofKp
that are a factor of about two lower than those suggested by direct numerical
simulation, which may also be subject to error.
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A stringent test of any model is the calculation of the longitudinal velocity
structure functions
Bm.r/ D h.u0 − u/mi; m D 3; 4; : : : ; (17)
where u0 and u are the velocity components at two points separated by a dis-
tance r , in the direction of the line joining the points. Segel (1995) claims to
show that the Bm.r/ for the spiral vortex conform to the Kolmogorov scaling
Bm.r/  rm=3. Segel’s arguments appear to be essentially dimensional rather
than kinematical. No dimensional prefactors are calculated. Saffman & Pullin
(1996) attempt to calculate Bm.r/ directly for both the Townsend-Burgers’
vortex and the standard-model realization of the stretched spiral. Under the
isotropy assumption, an expression for Bm.r/ reduces to a three-dimensional
integral in the case of the Burgers’ vortex and a five-dimensional one for the
spiral. These are evaluated numerically, with a Monte Carlo method used for
the latter case. The spiral model gives reasonable agreement for m D 2; 4 with
the data of Tabeling (P Tabeling, private communication) over a range of r=
[ D .3=/1=4 is the Kolmogorov scale] extending to r= D 200 for m D 2; 4,
but there are discrepencies at higher order. Results for B3 do not show a definite
linear range corresponding to the Kolmogorov result B3.r/  −4¯r=5.
We close this section by noting that a vortex-based model proposed by Kambe
(1991) contains some of the vortex-dynamical features described here and in
Section 2. There is a decomposition of the velocity and vorticity fields into
vortical and background components and some use of the vorticity equation in
analyzing the former. The velocity-derivative probability density functions are
estimated by use of the so-called mapping closure method (see Kraichnan 1990)
rather than via an average over all possible orientations of the velocity/vorticity
fields.
7. Finite-Time Singularities
A challenging and still open question is the problem of the finite-time singularity
for unsteady solutions of the Euler equation. This is a problem of vortex dynam-
ics for the cases in which the initial vorticity distribution consists of a number
of vortices or, in particular, vortex filaments. A recent hard-to-understand pa-
per, with a reasonably complete bibliography, that claims to demonstrate the
existence of a singularity is presented by Bhattacharjee et al (1995). A critique
of this paper and the other numerous contributions, including computation (see
Kerr 1993), is beyond the scope of this review. Indeed, in view of these devel-
opments, a new review would be useful; see Majda (1986) for a discussion.
A second open question is the significance for turbulence theory of the exis-
tence of a finite-time singularity. Bhattacharjee et al (1995) also claim to have
established a connection by showing that the presence of a spiral structure in the
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initial conditions leads naturally to the Lundgren spiral-vortex model described
in Section 6, from which follows in particular the Kolmogorov spectrum for the
energy spectrum. A finite-time singularity would suggest that the turbulence
attains a state of dynamic equilibrium in a time dependent upon the large-scale
structure and independent of the viscosity, e.g. the dissipation  would asymp-
tote u3=L in a time O.L=u/ where u is the rms velocity component.
An alternative approach, but one that is difficult for us to understand, has been
presented by Constantin et al (1995). This work appears to consider constraints
imposed on a turbulent velocity field by the requirement that a singularity does
not occur. However, quantitative predictions seem to be limited to estimates
of scaling lengths that cannot at present be compared to either experimental or
numerical simulations.
8. Concluding Remarks
Vortex dynamics in turbulence have produced a spectrum of models rather than
a rational theoretical framework for turbulence prediction. The task of building
tractable analytical models containing some measure of global dynamics is
close to Batchelor’s (1953) call for a general solution of the Navier-Stokes
equation in closed form for an arbitrary initial spatial distribution of velocity,
and this seems no closer in the 1990s than it did 40 years ago. Stretched-
vortex models of the Townsend-Lundgren type contain local dynamics, can be
analyzed kinematically, and are tractable mathematically, but they rest on strong
assumptions, including the absence of interactions between vortices and the
neglect of axial flow in the structures. These models contain free parameters and
require cutoffs in the time integration for some turbulence properties. A specific
vortex structure is assumed, the stability properties of which are unknown.
Contact with measurable turbulence quantities has been demonstrated with
mixed results. The assumed distributions can in principle be tested against the
results of direct numerical simulation (DNS) and experiments.
The “worm” structures (Jime´nez et al 1993) resemble Burgers’ vortices but
appear to play a passive role in the overall inertial and dissipation range dynam-
ics. Vincent & Meneguzzi (1994) report that sheet-like structures, which roll
up to form vortex tubes, are present but are not dominant in their DNS results at
R D 150. Lundgren & Mansour (1996) comment that spirals are commonly
seen in experimental flow visualization but appear to be harder to observe in
DNS. It remains an open question as to whether Equations 8–14, which at large
times give a nearly axisymmetric vorticity distribution, can describe the internal
structure of the observed tubes and spirals. The most recent studies of tubes have
been limited to the visual, and a quantitative study of internal structure would
seem justified. The development of a technique for characterizing tube structure
remains a considerable challenge to flow visualization specialists. Particle-
image velocimetery may play an important role, as may the development of
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algorithms for the detection and analysis of small-scale vortex structures in di-
rect numerical simulation (e.g. Jime´nez et al 1993, Vassilicos & Brasseur 1996).
The axisymmetric Burgers’ vortex is perhaps too simple to quantitatively
model the turbulent fine scales. The Lundgren stretched spiral has a richer in-
ternal structure but contains no axial flow. The development of vortex models
exhibiting truly three-dimensional structure while retaining sufficient simplic-
ity to allow the averaging necessary for tractable computation may enhance our
turbulence predictive capability as well as our understanding of the fine-scale
dynamics. One possible candidate is the rectilinear vortex embedded in a linear
background field of the form ui D Ai j .t/x j , Aii .t/ D 0, where x1; x2; x3 are
laboratory-fixed coordinates. If, at some initial time, the three components of
the vorticity field of the vortex alone are independent of a coordinate along
the axis of the vortex, say x 03, but are functions of the two normal coordinates,
x 01 and x 02, then the vorticity equation may be used to show that this property
of independence of x 03 is retained in the subsequent coupled evolution of the
vorticity of the vortex and of the linear field, provided that the vortex axis rotates
according to
@ei
@t
D e j Ai j − ei eke j Ak j (18)
(Misra & Pullin 1997), where ei are the direction cosines of the vortex axis.
This rotation is just what would be experienced by a material line element
of unit length aligned with the vortex axis resulting from the linear field alone.
The internal structure of the vortex allows axial flow and interaction with the
background field but is two dimensional in the sense of dependence only on the
cross-sectional coordinates. The vortex axis remains rectilinear. This scenario
includes both the generalized Burgers’ vortex and the stretched-spiral vortex.
A further special case has been analyzed by Kawahara et al (1997). They
consider the diffusion of a strong line vortex embedded in a simple background
shear flow, and they analyze the distortion of the vortex lines of this shear by
the line vortex as it rotates and diffuses. Spiral vortex structures comprising
the three components of vorticity are found that resemble the Lundgren spiral
with n D 2 Fourier modes in Equation 8. The new and potentially important
features of this model are, first, the presence of axial flow near the vortex core
and, second, the self-consistent vortex-interaction with the weaker background
shear. There is clear potential for constructing a cascade mechanism. No
turbulence calculations with this model are reported by Kawahara et al (1997).
The Lagrangian filament models appear to require significant computation to
produce limited results, but they do cover a fairly wide range of scales that nev-
ertheless excludes the dissipation range. The k−5=3 spectrum of the stretched
spiral vortex is a consequence of the vortex internal structure and evolution
and can be valid only over a range of scales with an upper bound of the vortex
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cross-section diameter. In contrast, the spectral properties of the dynamical fila-
ment models are produced by vortex-vortex interactions on scales larger than the
vortex cross-section dimension. The two points of view are not inconsistent and
may be complementary, describing different but overlapping ranges of scales.
The ultimate value of the structural-vortex models, which require specific
vorticity distributions and which rest on the strong assertions described above,
must be recognized to be questionable. In contrast, the phenomenological
models, the subject of a significant part of a recent monograph (Frisch 1995)
and several reviews (e.g Nelkin 1995) need no assumptions concerning field
distributions but have negligible dynamical and kinematical content and hardly
any connection with fluid dynamics. They contain an infinite number of free
parameters, and their main contribution to our understanding of turbulence has
been the postdiction of scaling exponents that may be nonexistent.
Finally, we mention briefly, as a possible application of vortex dynamics,
attempts to incorporate models of large structures into turbulence prediction
codes and the use of vortex structures to estimate subgrid Reynolds stresses
for large eddy simulations. Reynolds & Kassinos (1995) employ structural-
eddy models for the purpose of developing a closed set of Reynolds-averaged
Navier-Stokes equations. The eddies contain “vortical” and “jetal” motions
and are not unlike Hill’s spherical vortices. Pullin & Saffman (1994) have
suggested the use of stretched vortices for calculating subgrid stress for large-
eddy simulation. This is based on a kinematic relation that gives the Reynolds
stresses of an ensemble of vortices in terms of the vortex orientations and energy.
They propose a specific model, which is not of the well-known Smagorinsky
form, but detailed calculations for nonisotropic flows have yet to be reported.
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